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which form part of the class known as hyperbolic Kac-Moody algebras. In this paper, we probe deeply into the structure of those algebras the e. coli of indefinite Kac-Moody algebras. Using Berman-Moody's formula ( [BM] ), we derive a purely combinatorial closed form formula for the root multiplicities of the algebra g(fl), and illustrate some of the rich relationships that exist among root multiplicities, both within a single algebra and between different algebras in the class. We also give an explicit description of the root system of the algebra g(α). As a by-product, we obtain a simple algorithm to find the integral points on certain hyperbolas.
For alternative approaches to the analysis of rank 2 hyperbolic Kac-Moody algebras, the reader should see [BKM, Section 4] , which constructs them as §/ 2 -modules, and [LM] , which shows that the root systems of these algebras coincide with those of quasi-regular cusps on Hubert modular surfaces defined over certain real quadratic fields.
The structure of the paper is as follows. In Section 1, we introduce Berman-Moody's root multiplicity formula for general symmetrizable Kac-Moody algebras. In Section 2, we specialize to the rank 2 hyperbolic Kac-Moody algebras and develop a purely combinatorial formula (2.14) for the root multiplicities.
We show how, in many cases, one can obtain the multiplicity of a root in one algebra from the multiplicity of the same root in a different algebra, which may have much simpler calculations. Section 3 extends this notion considerably by proving a stability theorem on the root multiplicities of g(α) as a increases and explaining the connections between the algebras g(#) and the free Lie algebra of rank 2. The stability theorem holds for arbitrary symmetrizable Kac-Moody algebras.
In Section 4, we consider the root system of the algebra g(α). Recalling that real roots and imaginary roots correspond to the integral points on the hyperbolas: x -axy + y = k (k ^ Z, k < 1), we show how all the roots of a given length are Weyl-conjugate to roots in a small and easily defined region. Thus we can easily list all the roots, with multiplicity, by use of some simple recurrence relations. This procedure finds all the integral points on these hyperbolas far more easily than the traditional number-theoretic algorithm.
In Section 5, we analyze some of the monotonic and symmetric relationships between the root multiplicities of the algebra g(α) for a fixed value of a. We raise some questions concerning possible relationships among the root multiplicities for given algebras. We conjecture that the multiplicities of roos of a given height t increase monotonically to a maximum at (m, m) for t even, and (m -1, m + 1) for t odd. The paper closes with a collection of tables illustrating the main results and the conjecture.
Berman-Moody's formula
We first recall some of basic definitions in Kac-Moody theory and BermanMoody's formula. Let / be an index set. A matrix A = (# t; ) ί>;G j is called a general- obtained from the g 0 -module complex [Li] ).
( ) where V s (λ) denotes the irreducible highest weight g 0 -module with highest weight λ, and p is an element oft) satisfying p{h^) = 1 for all i €Ξ /.
• We now recall the root multiplicity formula for g obtained in [Ka2] . Applying the Euler-Poincare principle to (1.4) yields:
weW (S) an alternating direct sum of g 0 -modules. For τ ^ Q_, we define the dimension of the T-weight space of H to be ( Therefore the formula (1.11) reduces to Berman-Moody's formula:
(1.14) We introduce a sequence L4 w } w > 0 defined as follows:
A n+2 = ΛA W+1 -Λ w + 1 for w > 0.
When we want to emphasize that the sequence ίA w } w^>0 depends on a, we will write {i4 w (α)} w > 0 . Since the sequence {A n } n > 0 will play a crucial role in writing the root multiplicity formula for g(tf), we investigate some of the basic properties of the sequence } in > 0).
Summing up over n > 0 gives Now we derive the root multiplicity formula for g(β). For^ > 0, by induction
It follows from (2.2) and (2.7) that
and hence for τ = -ma Q -na v we have Then, by Berman-Moody's formula, we obtain PROPOSITION 2.1 (2.14) dimg«= Σ Next we examine more closely the formula (2.13) for B a (τ). Let a = -na 0 -(n + ;)«! be a root of g(α) and write B a (n> n + /) for B a (a) . By symmetry of the root system, we may suppose without loss of generatity that j ^ 0. We noted above that any weight τ k e P(H) is of the form Thus the multiplicity of, say, a--5α 0 -6α x in the Kac-Moody algebra {a > 6) is dimq(a) a = yr ί j = 42 (see Table 5 in Section 6). In the next section, we will see that this is actually the same as the multiplicity of 5α 0 + 6a x in the free Lie algebra of rank 2.
If j = 0 and n is an odd prime p, (2.14) reduces to By a similar argument, it is easy to see that, for n sufficiently large, we obtain formulas relating B n _ k (n, n) and B n (n, n). The first few are:
For n > 3, B n _ x (n, n) = B n (n, n) -2
For n > 4, B n _ 2 (n, n) = B n (n y n) -2n + 1
For n > 5, £ w _ 3 (w, w) = B n (n, n) -n(n + 1) + 6 (2.25)^^ n(n + l)(n + 2) , oπ For it > 7, B n _ 4 (n, n) = B n (n, n) g h 30
For n > 9, β w _ 5 (w, w) = β n (w, w)+ 140. D
Stability of root multipicities
In this section, we prove the stability of the root multiplicities of the Kac-Moody algebras g(α), and discuss the relation with the free Lie algebra with 2 generators. We start with the discussion on free Lie algebras. Let X = {x\ i = 1,2,3,. . .} be a totally ordered set (possibly countably infinite) and let R be an (additive) partially ordered abelian semigroup with a countable basis such that each element a of R can be expressed as a sum of elements of R which are less than or equal to a in only finitely many ways. Let G be the free Lie algebra on the set X. We make G an i?-graded Lie algebra as follows. Let s& -{μ { \ i = 1,2,3, . . .} be a collection of elements in R such that μ t < μ ; for i < j. We allow only finitely many repetitions. Define άegx { -μ it and
Then G becomes an i?-graded Lie algebra G = 0 αe /e G a , where G a is the subspace of G spanned by all the brackets
We recall the dimension formula for G a obtained in [Kal] . Let P -{τ { \ i = 
Then by generalizing the proof of the Witt formula given in [Se] , we obtain PROPOSITION 3.1 ( [Kal] Proof. We will consider dimg_ α . We take S = φ and apply Berman-Moody's formula. By Kostant's formula, we have 
Since A > 0, for any r = Σ ίG/ ί f Qf f that divides α, there is only one partition of -r into a sum of the elements in P(H) :
and dimi/_ α = 1 for all i ^ /. Hence we obtain
Remark. We can summarize the above discussion as follows. By Proposition 3.4, we have a projective system ίg + C4), 0^^}. It follows from Corollary 3.2 and Theorem 3.6 that the projective limit of the above system is the free Lie algebra % generated by the elements e { {i = 1,..., n). We may consider % as the subalgebra of the Kac-Moody algebra g(A) generated by the elements e { (i = 1,..., n),
where the Cartan matrix A = (a i} ) is given by a {j --°° for all i Φ j. That is, in the rank 2 case, we may consider % as g + (°°).
In the following example, we illustrate the stability of root multiplicities for the root a = 5α 0 + 6a v Compare with Example 2.4 and Example 3.3. Table 7 in Section 6). D
The root system of the algebra
In this section, we study the root system of the algebra g(tf), and give an explicit description of the real roots and imaginary roots. As a by-product, we obtain a simple algorithm to find the integral points on certain hyperbolas.
A We now focus on the structure of the algebra g(tf). We assume a > 3. Then the algebra g(#) is of hyperbolic type. We identify an element a = xa Q + ya x e Q with an integral point (x, y) e Z x Z We call a= ( To describe the root system of the algebra g(α), we introduce a sequence t#J»>o defined by 
Hence we obtain: PROPOSITION 4.4 (cf. [BKM] , [F] ). For a > 3, the set of all positive real roots of the algebra g(α) is Δ τ :={(B n ,B n , ι )ΛB n+1 ,B n )\n>0). D
The correspondence established in [LM] between the root the systems of rank 2 Kac-Moody algebras and quasi-regular cusps reveals more of the geometric nature of the root system. In particular, one should see [LM, Theorem 4 .1], which characterizes the real roots as a support polygon.
We now consider the set of imaginary roots of g(tf). = {(10,10)}, and hence the set of all integral points on the hyperbola x -3xy 
Root multiplicity relationships
In this section, we explain some of the relationships among the root multiplicities of the hyperbolic Kac-Moody algebras g(<z). In Section 3, we considered how the multiplicity of a given root varied with the algebra; here, we will restrict to a single algebra at a time and examine relationships between the multiplicities of different roots of that algebra.
§5.1. Column symmetry
We look first at the symmetry apparent in the columns of Tables 1-4. That is, fix an algebra g = g(fl), fix n and consider the multiplicities of the roots -na 0 -(n + j)^ as j varies in Z. We begin with a result of Kac [K, Proposition 3.6 ].
PROPOSITION 5.1 ( [K] ). Let V be a finite-dimensional module over &l 2 , and let λ be a weight of V. Denote by M the set of all t ^ Z such that λ + ta is a weight of V, where a is the simple root of 8/ 2 . Let m t = mult F (/ί + ta). Then (a) M is the closed interval of integers [-p, q] , where p, q e Z + and p -q
(b) The function t*-*rn t is increasing on the interval | -p, -^/{(/*) and is symmetric with respect to t = ~κ λ(h).
• With a and n fixed, let V = Θ ;eZ g_( M α 0 +( W+ » αi ). Then K is a finitedimensional module over the subalgebra g 0 of g(α) generated by e ίt f ίf h v That is, 9o -%h-Let λ = -na 0 -na v Then λ(h ) = n(a -2) and we can use part (b) of Proposition 5.1 to find the location of the maximal values of multG + taj. The result divides into three cases according as a and n are even or odd. (a -2) £Z, and the closest integers to --* λ(hj are -y (2m + 1) (α -2) ± ^. Therefore the maximum multiplicity occurs for the roots
Also by part (b) of Proposition 5.1, we obtain the corresponding symmetries for the root multiplicities. That is,
(1) multίn, -Kna + j) = multίn> -wna -jY (2) mult(2m, ma + j) = mult(2m, ma -j),
EXAMPLE 5.2 Let a = 3, n = 2m +1 = 5. Then the maximum multiplicity occurs for the roots -5α 0 -~κ {5*3 ± l}α x , which are -5α 0 -8α : and -5α 0 -7^. This can be seen in Table 1 Tables   1-4 , we have
Hence mult(w, n + j) = mult(n, (a -l)n -j).
For example, for a -3, n = 5, we have mult(5,5 + j) = mult(5,10 ~ j) = mult(5,5 + (5 -»).
as can be seen in Table 1 .
Proposition 5.1 gives us that/? -q = λ(h), but does not specify the integers themselves. In order to determine the actual values of p and q, and thus the length of the root-chain, we consider root lengths.
Let a = -na 0 -(n + j)a λ be a root in g = g(α), for some fixed a > 3.
As discussed in Section 4, Moody ([M] ) showed that for hyperbolic We also have that a is a real root if and only if 
. Multiplicity monotonicity
As consequence of the symmetry displayed above, we show that, as roots get "larger," their multiplicity increases. More precisely, for the roots a -(rn, n) and β = (k, /), we define a < β if and only if m < k and n < I. Then, in the fundamental chamber, we have that if a < β, then mult a < multβ. In general,
we have mult(m, n) < mult(m + 1, n + 1).
As in the previous subsection,we fix a > 3, and consider the roots of the algebra g(tf). Making the identification of the point (rn, n) with the root ma 0 + na h from Section 4 we have that the imaginary roots of qiά) are the integral points inside the cone PUQURUSoί  Fig 1. (See also Tables 8 and 9 for examples.)
Further, the analysis of the previous subsection showed that the root multiplicities on a vertical line (that is, for a fixed rri) are symmetric about the line y = y x, increasing monotonically as they approach this line. By symmetry of the root system, the root multiplicities in the horizontal direction are therefore monotonic 2 and symmetric about the line y --x. A consequence of this observation is that, Consider the Weyl reflection r x and the root permutation σ defined for a = (rn, n) by:
m).
Both σ and r x preserve the root multiplicities. Geometrically, σ is the reflection in a the line y = x, and r x reflects a root vertically about the line y -~κ x.
Define the following sequences:
Recall the sequence {B n } from (4.2) and introduce the sequence {C n ) defined by: Let 5 be the smallest non-negative integer such that jS 5 £ Q U if. Note that, although a 0 e 5, it is possible that β 0 G i?. Then, for / < 5, we have βj G S.
CLAIM.
//β ; e 5, ί^n a i e 5.
Proo/. Geometrically, /3 ; = α ; + (C ; , C i+1 ). Thus the slope of the line to C'+i % joining α ; to β f (recall α ; < β } ) is Λ > 1 > -for a > 3. Hence βj is closer 2 the line y = -x than α ; , and, if j S^ ^ S, then so is c^.
If a s e Q U i?, then we have α 5 < j8 s , α s , β s <Ξ Q Ό R, and, by Proposition 5.4, we are done. Now suppose a s £ Q U R. That is, a s ^ S. Note that, in general, for η = (^> #) e S, r λ ση % η, but σ^σ^ < η, or, equivalently, r x σi7 < σry. To see this, recall that since r^ση = (^, aq -p), we have q ^ p, but aq -p may be greater 2 than #, However, aq ~ p < p, since # < -/). Hence, (r : σ) η < σ η. A natural question is whether relationship between length and multiplicity is monotonic. That is, does the multiplicity always increase as (the magnitude of) the length increases? Geometrically, this would imply that the multiplicity of any root "inside" a hyperbola is greater than or equal to the multiplicity of any root on the hyperbola. In general, this is not true. We do not know of any counterexamples for the algebras g(3) and g(4), but in g(5), the root a = (3,7) has length -2k = -94 and multiplicity 9, while the root β = (4,4) has length -96 and multiplicity 8. There are similar examples for a -6 and 7. In view of the apparent exponential increase in multiplicity with respect to length, it would be very interesting to discover precisely the conditions required for this to happen.
Note for comparison the mysterious formulas of [FF] and [FFR] for HA 1 , [KMW] for E lo , and [KM] for HA^ , which showed that, for roots of low level in certain hyperbolic Kac-Moody algebras, the multiplicity depends only on the length of the root and increases monotonically with the root length.
In the previous section, we showed that root multiplicities increase monotonically along the lines y = x + j, j ^ Z, j > 0. It is also interesting to consider the lines perpendicular to these, the integral points of which represent roots of a given height t. It can easily be seen that, for the roots in the tables, the multiplicities increase monotonically to maximum at (m, m) for t even, and (m ~ 1, 
Root multiplicity tables
In this section we present some tables of root multiplicities of the rank 2
Kac-Moody algebras q(a) to illustrate the relationships explained in the text.
In Tables 1-7 , we consider the roots of the form na 0 + (n + j)a λ in various different settings. First, in Tables 1-4 , we consider the root multiplicities in a given algebra as n and./ vary. That is, we have a fixed a = 3,..., 6 in each table.
For comparison, Table 5 then gives the root multiplicities for the same roots in the free Lie algebra of rank 2. Tables 6 and 7 Table 8 Roots of g (4) 7.50 10.00
.,.. ,, ή . 
